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A note about special cycles on moduli
spaces of K3 surfaces
Stephen Kudla
Abstract
We describe the application of the results of Kudla-Millson on the modular-
ity of generating series for cohomology classes of special cycles to the case
of lattice polarized K3 surfaces. In this case, the special cycles can be in-
terpreted as higher Noether-Lefschetz loci. These generating series can be
paired with the cohomology classes of complete subvarieties of the moduli
space to give classical Siegel modular forms with higher Noether-Lefschetz
numbers as Fourier coefficients. Examples of such complete families associ-
ated to quadratic spaces over totally real number fields are constructed.
Introduction
This article contains a short survey of some results about special cycles on
certain Shimura varieties that occur as moduli spaces of lattice polarized K3
surfaces. The two points that may be of interest are the Siegel modular forms
arising as generating series for higher Noether-Lefschetz numbers and the
description of some complete subvarieties in certain of these moduli spaces.
The families of K3 surfaces parametrized by these subvarieties ought to have
particularly nice properties and I do not know to what extent they already
occur implicitly or explicitly in the literature. Finally, I ask the indulgence
of the experts in this area for my very naive treatment of things that may be
very well known to them.
Stephen Kudla Department of Mathematics, University of Toronto, 40 St George St.
BA6290, Toronto, ON M5S 2E4, Canada e-mail: skudla@math.toronto.edu
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2 Stephen Kudla
1 Special cycles for orthogonal groups
We begin by reviewing a very special case of old joint work with John Millson,
[14], [15], [16].
1.1
Let L, ( , ) be a lattice with a Z-valued symmetric bilinear form of signature
(2, n). In particular, for V = LQ = L⊗Z Q, the dual lattice
L∨ = { x ∈ V | (x, L) ⊂ Z }
contains L. Let
D = D(L) = { w ∈ VC | (w,w) = 0, (w, w¯) > 0 }/C×
≃ {oriented positive 2-planes in VR}
≃ SO(VR)/K
be the associated symmetric space, whereK ≃ SO(2)×SO(n) is the stabilizer
of an oriented positive 2-plane. Here VC = V ⊗Q C (resp. VR = V ⊗Q R), and
we sometimes write w for the image of w ∈ VC in D. Let ΓL ⊂ SO(V ) be the
isometry group of L and let Γ ⊂ ΓL be a subgroup of finite index. Then
MΓ = Γ\D(L), dimCMΓ = n
is (isomorphic to) a quasi-projective variety. This variety is a connected com-
ponent of a Shimura variety1 and has a model defined over a cyclotomic
field. For small values of n, this space can be the moduli space of polarized
K3 surfaces and, for smaller values, of abelian varieties.
1.2
To define special cycles, suppose that x ∈ L is a vector with (x, x) < 0, and
let
Dx = {w ∈ D | (x,w) = 0} = D(L ∩ x⊥).
Thus Dx has codimension 1 in D and gives rise to a divisor
Z(x) : Γx\Dx −→ Γ\D = MΓ ,
1 For n ≤ 2, we need to add the condition that Γ be a congruence subgroup; this is
automatic for n ≥ 3. In general, MΓ can have 2 components, since D(L) does.
A note about special cycles on moduli spaces of K3 surfaces 3
in MΓ , where Γx is the stabilizer of x in Γ . We call such a divisor, which
depends only on the Γ -orbit of x, a special divisor.
Composite divisors are defined as follows. Let Γ oL ⊂ ΓL be the subgroup of
isometries that act trivially on L∨/L, and suppose that Γ ⊂ Γ oL. For t ∈ Z>0
and h ∈ L∨ a coset representative for L∨/L, let
L(t, h) = {x ∈ L+ h | (x, x) = −t}.
There is an associated special divisor
Z(t, h) =
∑
x∈L(t,h)
mod Γ
Z(x).
Remark. For the following observation, see [33], Lemma 1.7. The space D
parametrizes polarized Hodge structures of weight 2 on the rational vector
space V with dimC V
2,0
C = 1. Such a HS is simple if it does not contain
any proper rational Hodge substructure. Then, in fact, the polarized HS
corresponding to w ∈ D is simple if and only if w /∈ Dx for any nonzero
vector x ∈ V . Thus the set
D −
⋃
x∈V, x 6=0
Dx
parametrizes the simple HS’s of this type.
More generally, for 1 ≤ r ≤ n, consider an r-tuple of vectors
x = [x1, . . . , xr], xi ∈ V,
and suppose that
T (x) = −(x,x) = −((xi, xj)) > 0.
Let
Dx = {w ∈ D | (x, w) = 0},
Γx = stablizer of x in Γ ,
and
Z(x) : Γx\Dx −→ Γ\D = MΓ .
The condition T (x) > 0 implies that D(x) has codimension r in D so that
the special cycle Z(x) has codimension r in MΓ . Again, this cycle depends
only on the Γ -orbit of x.
Again there is a composite version. For
T ∈ Symr(Z)>0, h ∈ (L∨)r,
let
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L(T,h) = {x ∈ Lr + h | T (x) = T },
and define the cycle
Z(T,h) =
∑
x∈L(T,h)
mod Γ
Z(x).
These are the special cycles in question.
Remarks. a) In the rest of this note, we will suppress the coset parameter
h, although it plays an evident and important role in many places in the
literature.
b) We can make the same construction with any T ∈ Symr(Z)≥0 except that
we require that for x ∈ L(T,h) the subspace spanned by the components of x
has dimension equal to the rank of T . We write Znaive(T,h) for the resulting
cycle. It has codimension equal to the rank of T . For example, for h = 0,
Znaive(0,h) = MΓ ,
while, for h 6= 0, Znaive(0,h) is empty.
2 Modular generating series
First, for τ = u+ iv ∈ H, the upper half-plane, consider the series
φ1(τ) = [Z(0)] +
∑
t∈Z>0
[Z(t)] qt, [Z(t)] ∈ H2(MΓ ).
Here [Z(0)] = [ω] = c1(L) is the Chern class of the tautological line bundle
L −→MΓ ,
defined by:
L = b∗(O(−1)), b : D(L) −→ D(L)∨,
where
D∨(L) = { w ∈ VC | (w,w) = 0 }/C× ⊂ P(VC)
is the compact dual of D(L). Here Hr(MΓ ) is the usual Betti cohomology
group of the (quasi-projective) variety MΓ with complex coefficients
2.
2 If Γ has fixed points on D(L), MΓ is viewed as an orbifold and H
r(MΓ ) is the space
of Γ/Γ1-invariants in Hr(MΓ1) where Γ1 ⊂ Γ is a normal subgroup of finite index which
acts freely on D(L).
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Theorem 2.1 ([16]) φ1(τ) is an elliptic modular form of weight
n
2 + 1 and
level determined3 by L, valued in H2(MΓ ).
The analogous generating series with values in the first Chow group
CH1(MΓ )⊗Z C of MΓ was considered by Borcherds4
Theorem 2.2 ([2])
φCH1 (τ) = {Z(0)}+
∑
t∈Z>0
{Z(t)} qt, {Z(t)} ∈ CH1(MΓ )⊗ C
is an elliptic modular form of weight n2 + 1, etc. Its image under the cycle
class map
CH1(MΓ )⊗ C −→ H2(MΓ )
is φ1(τ).
More generally, for any r, 1 ≤ r ≤ n, and for τ = u + iv ∈ Hr, the Siegel
space of genus r, we can define a generating series
φr(τ) =
∑
T∈Symr(Z)
T≥0
[Znaive(T )] ∪ [ω]r−rankT qT ,
= [ω]r +
∑
rankT<r
[Znaive(T )] ∪ [ω]r−rankT qT +
∑
T∈Symr(Z)>0
[Z(T )] qT .
The point is that we have shifted the classes [Znaive(T )] by a suitable power
of [ω] so that all of the coefficients lie in H2r(MΓ ).
Theorem 2.3 ([16]) (contd.) φr(τ) is a Siegel modular form of weight
n
2 +1
and level determined by L, valued in H2r(MΓ ).
Remark 2.4 (1) In [11] I asked whether the Chow group version φCHr (τ)
is a Siegel modular form valued in CHr(MΓ ). Using Borcherds’ result men-
tioned above and an inductive argument based on Fourier-Jacobi expansions,
Wei Zhang proved this in his Columbia thesis, [34], conditionally on some
finiteness/convergence assumption.
(2) A key point is that the pairing of φr(τ) with any compactly supported
class c ∈ H2n−2rc (MΓ ) defines a classical Siegel modular form5 of the same
weight and level as φr(τ).
3 This means that the components of φ1(τ) with respect to any basis of the finite dimen-
sional space H2(MΓ ) are scalar valued modular forms of the given weight and level. The
level divides 4|L∨/L| and is determined by the usual recipe for theta functions, cf., for
example, [30], section 2.
4 More precisely, he viewsMΓ as an orbifold/stack and defines a group by generators and
relations that maps to the usual Chow group, at least after tensoring with C.
5 This form will be vector-valued if we keep track of the parameter h ∈ L∨/L.
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(3) It is worth noting that the modularity of the φr(τ) is proved by construct-
ing a theta function θ(τ, ϕ
(r)
KM ) valued in A
(r,r)(MΓ ) the space of smooth dif-
ferential forms of type (r, r) on MΓ . This theta function is a non-holomorphic
modular form of weight n2+1 in τ , analogous to the classical Siegel theta func-
tion for an indefinite quadratic form. Moreover, it is a closed (r, r)-form and
its cohomology class [θ(τ, ϕ
(r)
KM )] ∈ H(r,r)(MΓ ) is φr(τ). In particular, if the
class c ∈ H2n−2rc (MΓ ) is the class of an algebraic cycle c = [S], as will be
the case in several examples below, the pairing of c and φr(τ) is given by an
integral
c · φr(τ) =
∫
S
θ(τ, ϕ
(r)
KM ).
(4) The extension of such integrals to classes c that are not compactly sup-
ported has been studied in important work of Funke and Millson, [5], [6],
[7], and involves interesting correction terms related to the boundary of the
Borel-Serre compactification of MΓ .
3 The case of K3 surfaces
In some cases, theMΓ ’s and the Z(T )’s can be interpreted in terms of moduli
spaces of lattice polarized6 K3 surfaces. Here is an amateur’s version of this.
Start from the K3 lattice:
K = H3 ⊕ E8(−1)2, sig(K) = (3, 19),
where H is the unimodular hyperbolic plane, and, letting KQ = K ⊗Z Q,
choose an orthogonal decomposition
KQ = V ⊕ V ′
with
sig(V ′) = (1, 19− n), sig(V ) = (2, n),
for some n, 0 ≤ n ≤ 19. Let
L = K ∩ V, L′ = K ∩ V ′,
be the corresponding primitive sublattices in K. Note that they are both
even integral.
A marked L′-polarized K3 surface is a collection (X,u, λ) where X is an
algebraic K3 surface over C,
u : H2(X,Z)
∼−→ K
6 A good references for lattice polarized K3 surfaces are [3] and [4].
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is an isometry for the intersection form on H2(X,Z), a marking, and
λ : L′ →֒ Pic(X) ⊂ H2(X,Z)
is an embedding such that
u ◦ λ : L′ →֒ K
is the given inclusion. Moreover, λ is required to satisfy the ‘ample cone’
condition7, cf. section 10 of [4].
These conditions imply that
(i) the embedding λ : L′ →֒ Pic(X) is primitive and isometric
(ii) the period point of (X,u) lies in D(V ).
Recall that the period point of (X,u) is the complex line uC(H
2,0(X)), where
uC : H
2(X,Z)⊗Z C −→ KC is the complex linear extension of u. The moduli
space of such gadgets (X,λ), obtained by eliminating the marking, is the
quotient
MΓ = Γ\D(V ),
Γ = {γ ∈ ΓL | γ|L∨/L = 1}.
This gives a moduli interpretation of MΓ . Details of this construction can be
found in [4], section 10.
Remark 3.1 (1) It is easy to check that, for n ≤ 17, any rational quadratic
space of signature (2, n) can occur as V . If n = 18 or 19, there are restric-
tions on V , since then L′Q has rank 2 or 1.
(2) In certain cases, a precise description of what lattices L′’s and L’s can
occur was given by Nikulin [26]. As summarized in [25], section 2, the result
is the following. If 0 ≤ n ≤ 9, then any even integral lattice L of signature
(2, n) can occur, and, if n < 9, the primitive embedding L →֒ K is unique up
to an isometry of K. Similarly, if 0 ≤ n′ ≤ 10, then any even integral lattice
L′ of signature (1, n′) can occur, and, if n′ < 10, the embedding L′ →֒ K, is
unique up to an isometry of K.
7 More precisely, let (L′)−2 be the set of vectors x in L′ with (x, x) = −2, and let V(L′)0
be one component of the set of vectors x ∈ L′
R
with (x, x) > 0, i.e., a choice of positive
light cone. Finally, let C(L′)+ be a component of
V(L′)0 −
⋃
x∈(L′)−2
x⊥.
Then the ample cone condition is that
λR(C(L
′)+) ∩ KX 6= ∅
where KX is the closure of the ample cone in Pic(X)R.
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(3) In such a family the generic element has Picard number ρ(X) =
rank(L′) = 20− n,
For small values of n, the resulting MΓ ’s are familiar classical objects.
Here is a little table:
n ρ G = SO(V ) MΓ classically accidental iso.
0 20 SO(2) U(1) CM
1 19 SO(2, 1) SL(2,R) Shimura curves
2 18 SO(2, 2) SL(2,R)× SL(2,R) Hilbert modular surfaces
3 17 SO(2, 3) Sp(2,R) Siegel 3-folds
4 16 SO(2, 4) SU(2, 2) unitary Shimura 4-folds
– – – – –
19 1 SO(2,19) – moduli of polarized K3’s
For example, for n = 19, we have L′ = (2d), and we get the moduli space of
polarized K3’s of polarization degree 2d. Note that K is an even lattice and
represents every positive even integer.
At the other extreme, for n = 0, we have sig(L) = (2, 0), rankL′ = 20, and
X is a singular K3 surface.
3.1 Modular interpretation of the special cycles
In the case of families of lattice polarized K3 surfaces MΓ for a lattice L of
signature (2, n) as described in the previous section, vectors in L correspond
to additional elements of Pic(X). Let N = Zr, and, for T ∈ Symr(Z)>0, let
N = NT be the quadratic lattice of signature (0, r) defined by −T .
Proposition 3.2 The codimension r cycle Z(T ) can be identified with the
locus of objects (X,λ, j) where
j : NT →֒ Pic(X)
is a quadratic embedding with
j(NT ) · λ(L′) = 0.
Here, if (X,λ, u) is a marked object, then
u ◦ j : Zr = NT →֒ L, ei 7→ xi,
determines an r-tuple x ∈ Lr with T (x) = −T and the period point of (X,u)
lies in Dx ⊂ D(L).
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Remark 3.3 (1) In this construction, we have fixed the basis Zr ≃ N . A
change in this basis corresponds to a right multiplication of the row vectors
x by an element of GLr(Z).
(2) For r = 1, we are imposing a single additional class in Pic(X) and the
Z(t)’s are essentially the Noether-Lefschetz divisors in MΓ , cf. [24].
3.2 Some applications:
I. Suppose that, for a smooth projective curve C,
ipi : C −→MΓ
is a morphism corresponding to a family
π : X −→ C
of L′-polarized K3 surfaces. Recall that Z(t)→MΓ is the locus of collections
(X,λ, j), j · j = −t, and consider the fiber product
Z(t)×MΓ C −→ Z(t)
↓ ↓
C −→ MΓ .
Then, for [C] ∈ H2n−2c (MΓ ),
[Z(t)] · [C] = degOZ(t)|C .
=
∑
z∈C
#{(Xz, λz , j) | j · j = −t, j · λ = 0} (generically)
=: m(t,X/C) = Noether-Lefschetz number.
For example, if the Picard number of a generic member of the family is
20− n, then C is not contained in any of the Z(t)’s and the loci in question
are all finite sets of points.
Corollary 3.4
φ1(τ) · [C] = degL|C +
∑
t∈Z>0
m(t,X/C) qt,
is an elliptic modular form of weight n2 + 1 and level determined by L. In
particular, the numbers m(t,X/C) are the Fourier coefficients of this form.
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This result is due to Maulik-Pandharipande, [24], where it is derived from
Borcherds’ Theorem and its significance in Gromov-Witten theory is ex-
plained.
II. Similarly, suppose that
π : X −→ S, ipi : S −→MΓ
is a family of L′-polarized K3 surfaces where S is a projective surface. For
T ∈ Sym2(Z)>0, Z(T ) → MΓ is the locus of collections (X,λ, j), where
j = [j1, j2] is a pair of classes in Pic(X) orthogonal to λ(L
′) and with matrix
of inner products j · j = −T . Consider
Z(T )×MΓ S −→ Z(T )
↓ ↓
S −→ MΓ .
Then, for the cohomology class [S] ∈ H2n−4c (MΓ ), we can define
[Z(T )] · [S] =
∑
z∈S
#{(Xz, λz , j) | j · j = −T, j · λ = 0} (generically)
=: m(T,X/S) = a higher Noether-Lefschetz number.
Here there can be curves in Z(T ) ∩ S and, in this case, more care must be
taken to interpret the intersection number [Z(T )] · [S] . By the modularity
results above, the m(T,X/S) are Fourier coefficients of a Siegel modular form
of genus 2 and weight n2 + 1. It would be interesting to compute these Siegel
modular forms for specific families X → S, e.g., ones coming from explicit
classical geometry.
III. Suppose that L has signature (2, 2) and is anisotropic. Then we have a
family where S =MΓ is itself a projective surface, so that
φ2(τ,MΓ ) ∈ H4(MΓ )
deg
∼−→ C.
The following result from [11] is obtained by combining the results of [16]
with the extended Siegel-Weil formula of [17].
Theorem 3.5 Assume that condition (1) below holds. Then
deg φ2(τ,MΓ ) = E(τ,
1
2
, L)
where E(τ, s, L) is a Siegel Eisenstein series of genus 2 and weight 2 associ-
ated to L, evaluated at the Siegel-Weil critical point s = s0 =
1
2 .
Note that, for T > 0, Z(T ) is a 0-cycle, and, when T ≥ 0 has rank 1, then
Z(T )naive is a curve on MΓ . Thus
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deg φ2(τ,MΓ ) = vol(MΓ , ω
2) +
∑
rank(T )=1
vol(Z(T )naive, ω) qT
+
∑
T>0
deg(Z(T )) qT .
Here, the Siegel-Eisenstein series is defined by
E(τ, s, L) =
∑
γ∈Γ ′
∞
\Γ ′
det(cτ + d)
n
2
+1| det(cτ + d)|s−s0 det(v) 12 s−s0 Φ(γ, L),
where
γ =
(
a b
c d
)
∈ Γ ′ = Sp2(Z).
and Φ(γ, L) is a generalized Gauss sum attached to γ and L, [31], [12]. This
series is termwise absolutely convergent for Re(s) > 32 . Its value at s0 =
1
2 is
defined by analytic continuation, [17]. The main point behind Theorem 3.5
is that, as explained in Remark 2.4 (3), there is a genus 2 theta function
θ(τ, ϕ
(2)
KM ) valued in A
(2,2)(MΓ ), i.e., in top degree forms, and the degree
generating series deg φ2(τ,MΓ ) is obtained by integrating this form over
MΓ . Let H = O(V ) be the orthogonal group of V and assume that there is
an open compact subgroup K ⊂ H(Af ), the group of finite ade`le points of
H , such that
H(A) = H(Q)H(R)K, Γ = H(Q) ∩K. (1)
Then the geometric integral of θ(τ, ϕ
(2)
KM ) over
MΓ ≃ H(Q)\H(A)/K∞K
coincides with the integral of a scalar valued theta function on H(A) over the
adelic quotientH(Q)\H(A) – cf. [13], section 4, for a more detailed discussion.
The extended Siegel-Weil formula, [17], [12], identifies the result as a special
value at s = s0, perhaps outside the range of absolute convergence, of a
certain Eisenstein series attached to L.
IV. Here is an amusing example. Let F = Q(
√
d), d ∈ Z>0 square free, be a
real quadratic field with ring of integers OF . LetM be a projective OF -lattice
with a symmetric OF -bilinear form ( , )M , and suppose that the signature
of M is given by
sig(M) = ((2,m), (0,m+ 2)).
Let L be M , viewed as a Z-module, with bilinear form ( , )L given by
(x, y)L = trF/Q(x, y)M .
The signature of L is (2, 2m+ 2). Let V = L⊗Z Q and note that
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V ⊗Q R = (V ⊗F F )⊗Q R = (V ⊗F,σ1 R)× (V ⊗F,σ2 R),
where σ1 and σ2 are the two real embeddings of F . The two factors on the
right have signatures (2,m) and (0,m + 2) respectively. Then there is an
embedding
D(M) = D(V ⊗F,σ1 R) →֒ D(VR) = D(L).
Let ΓM ⊂ Γ be the subgroup of OF -linear isometries of in Γ . Then
ΓM\D(M) −→ Γ\D(L),
is an algebraic cycle of codimension m+2, and, since the quotient ΓM\D(M)
is compact, this cycle is projective.
For example, when m = 2, we get a projective surface
S −→MΓ =MΓ (2, 6), [S] ∈ H8c (MΓ ).
It would be nice to have a concrete description of the corresponding family
of K3 surfaces X → S. The Siegel modular generating function for higher
Noether-Lefschetz numbers for this family is
φ2(τ,MΓ ) · [S] = i∗EF (τ, 1
2
, Φ), i : SL2/Q −→ SL2/F,
the pullback of the special value of a genus 2 Hilbert-Siegel Eisenstein series
EF (τ,
1
2 , Φ) of weight (2, 2) over F to a weight 4 modular Siegel modular
form over Q! This is again a consequence of the extended Siegel-Weil formula
together with a seesaw identity, [10]. Note that, in general, such a pullback
will now have lots of cuspidal components and so the Fourier coefficients of
such a form are essentially more complicated than those of an Eisenstein
series like that occurring in Theorem 3.5.
Remark 3.6 A more or less explicit geometric construction of an example
for m = 1 is described in [33], section 3. In this case, sig(M) = ((2, 1), (0, 3))
and the base of the family will be a Shimura curve C over F . In this case, the
generating series for the Noether-Lefschetz numbers will be an elliptic modular
form of weight 3 arising as the pullback for a Hilbert modular Eisenstein series
of weight (3/2, 3/2).
V. The previous example can be further generalized. Suppose that F is a
totally real number field with ring of integers OF , |F : Q| = d > 1, and real
embeddings σi : F →֒ R, 1 ≤ i ≤ d. Let M , ( , )M be a quadratic OF -lattice
of rank m+ 2 over OF and with
sig(M) = ((2,m), (0,m+ 2)d−1).
Define a quadratic lattice L as in example IV, so that
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sig(L) = (2, d(m+ 2)− 2).
Again setting V = L⊗Z Q, we have
V ⊗Q R = (V ⊗F,σ1 R)× (V ⊗F,σ2 R)× · · · × (V ⊗F,σd R),
an embedding
D(M) = D(V ⊗F,σ1 R) →֒ D(VR) = D(L),
and a projective algebraic cycle
Y = ΓM\D(M) −→ Γ\D(L) =MΓ ,
of codimension (d− 1)(m+2) and dimension m. For this construction to fall
into the world of K3 moduli, we must require that
2 ≤ d(m+ 2) ≤ 21,
and hence we have the following little table of the possibilities:
(Note that N = dimMΓ = d(m+ 2)− 2.)
d 2 3 4 5 6 7 8 9 10
m = dimY 0 ≤ m ≤ 8 0 ≤ m ≤ 5 0 ≤ m ≤ 3 0 ≤ m ≤ 2 0, 1 0, 1 0 0 0
N = dimMΓ 2 ≤ N ≤ 18 4 ≤ N ≤ 19 6 ≤ N ≤ 19 8 ≤ N ≤ 18 10, 16 12, 19 14 16 18
It would be interesting to give an account of the families of K3 surfaces
over the projective varieties Y occurring here.
One nice case is the following. Let k = Q(ζ13) be the 13th cyclotomic field
and let F = Q(ζ13 + ζ
−1
13 ), so that |F : Q| = 6. Let M ⊗OF F to be the space
of elements of trace 0 in a quaternion algebra B/F with B ⊗Fσ1 R =M2(R)
and B ⊗F,σi R ≃ H, the Hamiltonian quaternions, for i > 1. To specify B,
we need to choose an additional set Σf (B) of finite places of F with |Σf (B)|
odd. The algebra B is determined by the condition that, for a finite place v
of F , B ⊗F Fv is a division algebra if and only if v ∈ Σf (B). The simplest
choice would be Σf (B) = {v13}, where v13 is the unique place above 13. We
fix a maximal order OB in B and let M be the set of trace 0 elements in it.
As quadratic form on M , we take (x, y) = tr(xyι). In this case, V = L⊗Z Q
has signature (2, 16), and, as noted in Remark 3.1 (1), the rational quadratic
space V occurs as a summand of KQ. I have not checked
8 if the lattice L
just defined can occur as V ∩K. In any case, we obtain a Shimura curve C
embedded in the 16-dimensional moduli space MΓ , and the generating series
for the Noether-Lefschetz numbers for the associated family of K3 surfaces
8 If it differs from the primitive lattice V ∩K, then some ‘level structure’ will have to be
introduced.
14 Stephen Kudla
will be an elliptic modular form of weight 9 arising as the pullback of a Hilbert
modular Eisenstein series of weight (3/2, . . . , 3/2) for F .
4 Kuga-Satake abelian varieties and special
endomorphisms
In this last section, we give another interpretation of the special cycles Z(T ).
For convenience, we change the sign and consider rational quadratic forms of
signature (n, 2).
4.1 The Kuga-Satake construction
The moduli spaces MΓ of lattice polarized K3 surfaces carry families of
abelian varieties arising from (a slight variant of) the Kuga-Satake construc-
tion, which we now review.
For a quadratic lattice L of signature (n, 2) and for V = LQ, let
C = C(V ) = C+(V )⊕ C−(V )
be the Clifford algebra of V . For a basis v1, . . . , vn+2 of V , let δ = v1 · · · vn+2 ∈
C(V ), and let k = Q(δ) be the discriminant field. For n even, δ ∈ C+(V ), k
is the center of C+(V ), and δ anticommutes with elements of C−(V ). For n
is odd, δ ∈ C−(V ) and k is central in all of C(V ). Now
OC = C(L) = Clifford algebra of L
is an order in C and Ok = k ∩C(L) is an order in k. We obtain a real torus
Atop = C(LR)/C(L)
of dimension 2n+2 with an action
ι : C(L)⊗Z Ok −→ End(Atop), ι(c ⊗ α) : x 7−→ cxα,
via left-right multiplication. Let
G = GSpin(V ) = {g ∈ C+(V )× | gV g−1 = V }
and, for an element a ∈ C+(L) ∩C(V )× with aι = −a, define an alternating
form on C by
〈x, y 〉 = 〈x, y 〉a = tr(axyι).
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Here x 7→ xι is the main involution on C(V ), determined by the conditions
(xy)ι = yιxι for all x, y ∈ C, and vι = v for all v ∈ V ⊂ C−(V ). Note that
for g ∈ G,
〈xg, yg 〉 = ν(g) 〈x, y 〉, ν(g) = ggι = spinor norm.
A variation of complex structures on Atop is defined as follows. For an
oriented negative 2-plane z ∈ D(L) in VR, let z1, z2 be a properly oriented
orthonormal basis and let jz = z1z2 ∈ C+(VR). This element is independent
of the choice of basis. Note that j2z = −1, so that right multiplication by jz
defines a complex structure on C(VR), and hence we have a complex torus
Az = (A
top, jz) for each z ∈ D(L). Since the action of C(L)⊗Ok commutes
with the right multiplication by jz, we have
ι : OC ⊗Z Ok −→ End(Az) (1)
with
ι(c⊗ α)∗ = ι(c∗ ⊗ αι), c∗ = acιa−1,
for the Rosati involution determined by 〈 , 〉. If γ ∈ Γ ⊂ ΓL, and9 if γ˜ ∈ O×C
is an element mapping to γ under the natural homomorphism GSpin(V) →
SO(V ), then right multiplication by γ˜ on C(LR) induces an isomorphism of
the complex tori Aγ(z) and Az , equivariant for the action of OC⊗Ok. Finally,
fix a rational splitting V = V + + V − of signature (n, 0) + (0, 2) and let a1,
a2 be a Z-basis for the negative definite lattice L
− = L ∩ V −. Let a = a1a2.
With this choice of a, the form 〈 , 〉a is Z-valued on C(L) and defines a
Riemann form on each complex torus Az , i.e., the form 〈xjz , y 〉a is symmetric
and definite (hence positive definite on one of the connected components of
D(L)). Thus, MΓ carries a family of polarized abelian varieties:
π : KS(L) −→MΓ , (Az , ι, λ), dimAz = 2n+1
with endomorphisms (1). Note that these abelian varieties are Z2-graded,
Az = A
+
z ⊕A−z ,
since the construction respects the decomposition C(L) = C+(L)⊕ C−(L).
Remark 4.1 (1) For n ≤ 4,MΓ is the moduli space for such PE type abelian
varieties and is a Shimura variety of PEL type10.
(2) For general n ≥ 5, the abelian varieties in the family are not characterized
by the given PE; more Hodge classes are required, and MΓ is a Shimura
variety of Hodge type. The family π corresponds to a morphism
9 In general, there is an orbifold issue here that can be eliminated by introducing a suitable
level structure.
10 We could add a level structure here.
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ipi :MΓ −→ Ag, g = 2n+1.
4.2 Special cycles and special endomorphisms
Special endomorphisms arise as follows. For x ∈ L, let
rx : A
top −→ Atop = C(LR)/C(L),
be the endomorphism induced by right multiplication by x. Note that this
endomorphism has degree 1 with respect to the Z2-grading, and that, since
x2 = Q(x) in C(L),
r2x = [Q(x)],
is just multiplication by the integer Q(x) = (x, x) ∈ Z. Moreover,
rx ◦ ι(c⊗ b) =
{
ι(c⊗ b) ◦ rx for n odd
ι(c⊗ bσ) ◦ rx for n even.
(1)
and the adjoint of rx with respect to 〈 , 〉 is
(rx)
∗ = rxι = rx. (2)
Definition 4.2 For a given z ∈ D(L), the endomorphism rx is said to be a
special endomorphism of the abelian variety Az when it is holomorphic, i.e.,
when rx ∈ End(Az).
Lemma 4.3 Let L(Az) be the space of special endomorphisms of Az, with
quadratic form defined by j2 = Q(j). Then
L(Az) = L ∩ z⊥
is an isometry.
Note that, rx is a special endomorphism of Az precisely when x commutes
with jz . Since conjugation by jz induces the endomorphism of V that is −1
on z and +1 on z⊥, it follows that rx is a special endomorphism precisely
when x ∈ z⊥, i.e., z ∈ Dx.
Corollary 4.4 For T ∈ Symr(Z)>0, the special cycle Z(T ) is the image in
MΓ of
Z˜(T ) = {(Az, j) | j ∈ L(Az)r, (j, j) = T }.
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In fact, to give the right definition of special endomorphism, one should
start with an object (A, ι, λ, ǫ, ξ) where A is an abelian variety (scheme)
with OC ⊗Ok-action ι, a Z/2Z-grading ǫ and additional Hodge tensors ξ. A
special endomorphism is then an element j ∈ End(A) of degree 1 with respect
to the Z/2Z-grading satisfying conditions (1) and (2), with an additional
compatibility with respect to the Hodge tensors ξ. For 0 ≤ n ≤ 3, where the
classes ξ can be expressed in terms of endomorphisms, such a definition of
special endomorphism was given in [20] (n = 0), [21] (n = 1), [18] (n = 2),
and [19] (n = 3) and used to define special cycles in integral models of the
associated PEL type Shimura varieties. The results of these papers concerning
the intersection number of integral special cycles and Fourier coefficients of
modular forms should have some consequences in the arithmetic theory of
K3 surfaces. To reveal it one would have to relate these integral models to
the integral models of moduli spaces of K3 surfaces developed by Rizov,
[27], [28]. The extension to the case of general n, i.e., to integral models of
Shimura varieties attached to GSpin(n, 2) is the subject of ongoing work of
Andreatta-Goren, [1] and of Howard-Madapusi, [8].
Remark 4.5 In the references that follow, I have made no attempt at com-
pleteness and apologize in advance for the many omitted citations.
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